AbstractÐFatigue crack initiation and multiplication of the unnotched SCS-6 silicon carbide ®ber-reinforced titanium matrix composites with dierent matrix and interfacial properties have been investigated experimentally and analytically. Ti±15V±3Al, Ti±6Al±4V, and Ti±22Al±23Nb were chosen as matrix materials. The initiation and propagation of each individual matrix crack as a function of fatigue cycles and applied stress levels were carefully monitored. The statistical distribution of crack growth rates in each composite has been constructed and analyzed. The evolution of normalized matrix crack density and stiness reduction of these composites under fatigue loading also has been characterized. A modi®ed shear-lag model, coupled with the strain-life equation and a ®ber bridging model were used to predict the fatigue crack initiation life, matrix crack growth rate, normalized matrix crack density, and residual stiness of the composites. The predicted fatigue properties correlated well with experimental results. #
INTRODUCTION
Continuous silicon carbide ®ber-reinforced titanium matrix composites (TMCs) are being considered as structural materials for high temperature aerospace applications. Potential applications include hoop-reinforced turbine engine compressor components, such as bladed rings and disks, loaded struts and actuator rods for engines and airframes [1] . Over the past few years, a considerable amount of work has been conducted to characterize the fatigue crack growth behavior of notched TMCs [2±10]. Several micromechanics-based models have also been proposed to predict the eect of ®ber bridging on crack growth, and fatigue life [11±17] . However, very little work has been directed toward the investigation of crack initiation life and crack growth resistance of unnotched TMCs under fatigue loading.
The objectives of the present work are to conduct experimental work and theoretical modeling to characterize the fatigue crack initiation and multiplication of the unnotched composites during fatigue loading. The initiation and propagation of each individual matrix crack as a function of fatigue cycles and applied stress will be carefully monitored. The statistical distribution of crack growth rates in each composite will be constructed and analyzed. The relationship between matrix crack density and stiness reduction of the composites under fatigue loading will be characterized. Meanwhile, an analytical model incorporating the strain-life equation [18] , the modi®ed ®ber bridging model by Marshall et al. [19] , and a modi®ed shearlag model will be utilized to predict the fatigue crack initiation life, matrix crack growth rate, normalized matrix crack density, and residual stiness of the composites.
EXPERIMENTAL PROCEDURE

Material
To systematically study fatigue crack initiation, multiplication, and damage evolution in SCS-6 ®ber-reinforced TMCs with dierent matrix and interfacial properties, three dierent TMCs were chosen: SCS-6/Ti±15V±3Al, SCS-6/Ti±6Al±4V, and SCS-6/Ti±22Al±23Nb. Ti±15V±3Al (Ti±15±3) is a metastable ductile b-Ti alloy; Ti±6Al±4V (Ti±6±4) is an a + b dual-phase alloy; the orthorhombicbased Ti±22Al±23Nb (Ti±22±23) is comprised of three ordered phases: O, b 0 , and a 2 . The values of DK th , below which the crack propagation rate is less than 1 Â 10 À9 m/cycle, for Ti±15±3, Ti±6±4, and Ti±22±23 were reported to be 4.8 [20] , 4.9 [21] , and 5.0 MPa m 1/2 [22] , respectively. The silicon carbide ®ber (SCS-6) has a carbon-rich surface coating layer approximately 3 mm in thickness, which is designed as a sacri®cial layer to prevent the titanium alloy matrix from reacting directly with the SiC ®ber. The tensile strength, Young's modulus, and coecient of thermal expansion (CTE) of the as-fabricated ®ber are 4000 MPa, 400 GPa, and 4.9 Â 10 À6 /K [23] , respectively. The composites were fabricated using a typical foil/®ber/foil approach followed by a vacuum diusion bonding process.
On cooling to room temperature after fabrication, the signi®cant dierence in CTE between the ®ber and matrix will generate residual stresses at the ®ber/matrix interface. Also a brittle reaction layer was formed at the ®ber/matrix interface after high temperature consolidation. The interfacial reaction products in the SCS-6/Ti±15±3 composite have been identi®ed as TiC along the carbon coating layer, and Ti x Si y (C) between the TiC and the matrix [24, 25] . The SCS-6/Ti±6±4 composite has the same interfacial reaction products as the SCS-6/ Ti±15±3 composite. In the case of the SCS-6/Ti± 22±23 composite, the reaction products were more complicated. They consisted of (Ti,Nb)C and Al(Ti,Nb) 3 C near the ®ber, and (Ti,Nb) 5 (Si,Al) 3 near the matrix [26] . The thickness of the interfacial reaction layer was determined by obtaining 40 measurements per sample from SEM micrographs. The average thickness of the interfacial reaction layer was found to be 2.50, 1.08, and 1.06 mm for SCS-6/Ti±15±3, SCS-6/Ti±6±4, and SCS-6/Ti±22± 23, respectively. Both of the SCS-6/Ti±15±3 and SCS-6/Ti±6±4 composites consist of eight layers of unidirectional laminate with a ®ber content of 35 vol.%. The 4-ply SCS-6/Ti±22±23 composite has 33 vol.% of ®ber. The mechanical properties of the matrix alloys and composites are summarized in Table 1 .
Fatigue test
Straight fatigue specimens with dimensions of 76.2 mm Â 6.35 mm (length Â width) were cut from composite panels using a low speed diamond saw. The free edges of the unnotched specimens were carefully polished to 1 mm to eliminate machining damage. Fatigue tests were performed on a computer-controlled servohydraulic Instron system. All tests were conducted at a stress ratio of 0.1 and a frequency of 10 Hz under a load-controlled mode. The maximum applied stresses were chosen to be 600 MPa and 40% of the ultimate tensile strength (UTS) of each composite. The residual stiness of the specimens was monitored by plotting the stress± strain curves at dierent fatigue cycles during testing. The fatigue strain was measured by attaching a clip-on extensometer with a gauge length of 12.7 mm onto one surface of the specimen. Both face sections of the specimens were polished to 1 mm in order to measure the matrix crack lengths. The initiation and multiplication of matrix cracks were monitored using cellulose acetate replicating foils which were pasted on the specimen by acetone solution. The replicating foils were then examined under an optical microscope (400Â) with a traveling stage to measure the number of matrix cracks, the matrix crack spacing, and matrix crack lengths. Fatigue crack initiation life was de®ned as the corresponding fatigue cycles when a crack length in the range of 200±400 mm was observed [27] . The normalized matrix crack density, which represented the degree of fatigue damage, was determined by dividing the total length of matrix cracks by the product of gauge length and width of specimen [28] . The post-fatigued specimens within the gauge length were metallographically polished and examined under a SEM to determine the debonding length and cracking paths of the composites.
RESULTS AND DISCUSSION
Fatigue matrix crack initiation and multiplication
For unidirectional TMCs subjected to cyclic loading at a low stress level, multiple matrix cracking with ®ber bridging is the major damage mode [29] . Fatigue matrix cracks can initiate from the damaged ®bers or the ruptured brittle reaction layers at the ®ber/matrix interface. It was found that in composites with thin interfacial reaction layers (H1 mm), such as SCS-6/Ti±6±4 and SCS-6/ Ti±22±23, matrix cracks primarily initiated from the damaged ®ber and the ruptured interface near the free edges of the specimens, as shown in Fig. 1(a) . However, in the SCS-6/Ti±15±3 composite with a thick interfacial reaction layer (H2.5 mm), most matrix cracks were found to initiate from the ruptured interfacial reaction layer, as shown in Fig. 1(b) . This suggests that the percentage of matrix cracks initiated from the ruptured interface increases signi®cantly as the thickness of the interfacial reaction layer increases.
The evolution of matrix crack number as a function of fatigue cycles for these TMCs tested at s max =600 MPa is shown in Fig. 2(a) . It was found that the number of matrix cracks increased with fatigue cycles, but the rate of increase decreased as the number of fatigue cycles increased. These indicated that matrix cracks would keep on developing during fatigue loading, however, the initiation life for a new matrix crack would get longer as the number of fatigue cycles increased. Finally, the number of matrix cracks would reach a quasi-saturated value when the initiation life for the next new matrix crack became in®nite. The initiation life of the ®rst matrix crack in the composite was found to be 2 Â 10 4 cycles for SCS-6/Ti±15±3, 1.5 Â 10 5 cycles for SCS-6/Ti±6±4, and 2.5 Â 10 5 cycles for SCS-6/ Ti±22±23. The numbers of matrix cracks in the gauge length after 1 Â 10 6 cycles for SCS-6/Ti±15±3, SCS-6/Ti±6±4, and SCS-6/Ti±22±23 were found to be 18, 7, and 2, respectively. It is very clear that SCS-6/Ti±15±3 exhibited the shortest matrix crack initiation life and the highest number of matrix cracks, while SCS-6/Ti±22±23 showed the longest matrix crack initiation life and the lowest number of matrix cracks. When these composites were subjected to fatigue loading at maximum stresses of 40% of UTSs, the initiation life of the ®rst matrix crack and the number of matrix cracks after 1 Â 10 6 cycles for SCS-6/Ti±6±4 (s max =650 MPa) were about the same as those for SCS-6/Ti±22±23 (s max =750 MPa).
However, SCS-6/Ti±15±3 (s max =600 MPa) still showed the shortest matrix crack initiation life and the highest number of matrix cracks, as shown in Fig. 2 
(b).
For TMCs subjected to fatigue loading, the maximum tensile stress in the interfacial reaction layer is the combination of the stress due to applied load and the thermal residual stress arising from the fabrication process. The cracking of the interfacial reaction layer is expected to occur within the ®rst few cycles of the fatigue test when the maximum tensile stress in the interfacial reaction layer exceeds its tensile strength. In an earlier study [30] , Jeng et al. have shown that the tensile strength of the interfacial reaction layer decreases rapidly as the thickness of the interfacial reaction layer increases. Also, a higher cracking density at the interfacial reaction layer has been reported in the composite with a thicker interfacial reaction layer [28] . Figure 3 shows the cracking of the interfacial reaction layers of these TMCs after fatigue loading at 600 MPa for 1 Â 10 6 cycles. Obviously, SCS-6/Ti±15±3 exhibited severe cracking of the interfacial reaction layer, while the interfacial reaction layer of SCS-6/Ti±22±23 remained fairly intact even near the matrix cracking plane. The cracking of the interfacial reaction layer of SCS-6/Ti±6±4 was found to be con®ned in the vicinity of the matrix cracking plane. These microcracks along the interfacial reaction layer would behave as the potential crack initiation sites. Meanwhile, a higher local stress intensity factor would be induced at the tip of the microcracks in the composite with a thicker reaction layer. It is believed that the combined eects of high interfacial cracking density and high local stress intensity factor are responsible for the highest number of matrix cracks as well as the shortest matrix crack initiation life in the SCS-6/Ti± 15±3 composite. The lowest interfacial cracking density of SCS-6/Ti±22±23 might be responsible for its lowest number of matrix cracks as well as the longest matrix crack initiation life.
Matrix crack growth rate
The continuous initiation and propagation of matrix cracks during fatigue loading resulted in the formation of multiple cracks in the composites. Due to the complex interaction between matrix cracks, the stress ®eld at the tip of each crack was dierent. As a result, the growth rate of each individual crack was dierent and a distribution of matrix crack growth rates was found in the unnotched composites. Figure 4 (a) and (b) show the distributions of matrix crack growth rates of TMCs under fatigue loading at s max =600 MPa and 40% of UTS, respectively. For s max =600 MPa, the SCS-6/Ti±15±3 composite showed the widest distribution of matrix crack growth rates, ranging from 1 to 5 nm/cycle, with a peak at the crack growth rate of 2±3 nm/cycle. The distribution of matrix crack growth rates of the SCS-6/Ti±6±4 composite varied from 2 to 5 nm/cycle, with a peak at the crack growth rate of 3±4 nm/cycle. The SCS-6/Ti±22±23 composite had only two matrix cracks, with matrix crack growth rates of 2.8 and 3.2 nm/cycle, respectively. The average matrix crack growth rates for the SCS-6/Ti±15±3, SCS-6/Ti±6±4, and SCS-6/Ti±22± 23 composites were 2.94, 3.2, and 3.0 nm/cycle. The average fatigue crack growth rates of these three TMCs appeared to be comparable.
In the case of s max =40% of UTS, the SCS-6/Ti± 15±3 composite obviously exhibited the slowest matrix crack growth rates, with a distribution of matrix crack growth rates ranging from 1 to 5 nm/ cycle and a peak at 2±3 nm/cycle. The distribution of matrix crack growth rates of SCS-6/Ti±6±4 shifted to the range of 3±10 nm/cycle, with a peak at the crack growth rate of 4±5 nm/cycle. SCS-6/ Ti±22±23 showed the highest matrix crack growth rates, ranging from 4 to 10, with a peak at the crack growth rate of 6±7 nm/cycle. The average matrix crack growth rates for SCS-6/Ti±15±3, SCS-6/Ti±6±4, and SCS-6/Ti±22±23 were found to be 2.9, 4.7, and 6.6 nm/cycle, respectively. The variations of the matrix crack growth rates are attributed to the dierences in the maximum applied stress levels. SCS-6/Ti±22±23 was subjected to the highest maximum applied stress level which is 100 MPa higher than SCS-6/Ti±6±4 and 150 MPa higher than SCS-6/Ti±15±3 composites. As a result, it was subjected to the highest stress intensity factor at the matrix crack tip, resulting in the highest average matrix crack growth rate. In contrast, SCS-6/Ti± 15±3 was subjected to the lowest applied stress level and had the lowest stress intensity factor at the matrix crack tip, leading to the lowest average matrix crack growth rate.
Evolution of stiness reduction and normalized matrix crack density during fatigue
The evolution of stiness reduction and normalized matrix crack density as a function of fatigue cycles for these TMCs tested at s max =600 MPa is shown in Fig. 5(a) . It was found that all stiness reduction curves were composed of an initial slow stiness reduction regime (regime I), followed by a steep stiness drop regime (regime II), and then reached a plateau regime with minimal stiness variation (regime III). Similar but opposite trends were found in the normalized matrix crack density evolution curves. The transition from regime I to regime II was determined by the take-o point of the normalized matrix crack density evolution curve, while saturation of residual stiness was reached as the normalized matrix crack density reached a saturated value. It is obvious that SCS-6/ Ti±15±3 exhibited the highest crack density increase rate and stiness reduction rate in regime II, followed by SCS-6/Ti±6±4, and SCS-6/Ti±22±23 showed the slowest rate. The SCS-6/Ti±15±3 composite suered the severest fatigue damage with normalized matrix crack density of 0.95/mm after 1 Â 10 6 cycles, and the lowest residual stiness of 78%. The SCS-6/Ti±22±23 composite had the best fatigue resistance with normalized matrix crack density of 0.096/mm after 1 Â 10 6 cycles and 93.3% residual stiness. The normalized matrix crack density and residual stiness of the SCS-6/Ti±6±4 composite after 1 Â 10 6 cycles were 0.28/mm and 86.5%, respectively.
The three-regime stiness reduction and normalized matrix crack density evolution curves were also found in the composites tested at s max =40% of UTS, as shown in Fig. 5(b) . The stiness reduction and crack density increase rates for SCS-6/Ti±15±3 were roughly the same as those for SCS-6/Ti±22± 23, and were faster than those for SCS-6/Ti±6±4. The normalized matrix crack densities after 1 Â 10 6 cycles for the SCS-6/Ti±6±4, SCS-6/Ti±15± 3, and SCS-6/Ti±22±23 composites were 0.34, 0.95, and 0.63/mm, associated with the residual stinesses of 84.5, 78, and 76.6%, respectively.
It is clear that a higher normalized matrix crack density results in a lower residual stiness of the composite. Since the normalized matrix crack density was determined by the total length of matrix cracks, the number of matrix cracks as well as the matrix crack growth rate, are factors determining the normalized matrix crack density evolution of the composites. In the case of fatigue loading at 600 MPa, the average matrix crack growth rates of these three TMCs were comparable. SCS-6/Ti±15±3 showed the highest number of matrix cracks, leading to the highest normalized matrix crack density and the lowest residual stiness. Meanwhile, SCS-6/ Ti±22±23 had the lowest number of matrix cracks, resulting in the lowest normalized matrix crack density and the highest residual stiness. In the case of fatigue loading at 40% of UTS, SCS-6/Ti±15±3, showed the lowest average matrix crack growth rate and the highest number of matrix cracks. The combined eects led to the highest normalized matrix crack density and the lowest residual stiness in SCS-6/Ti±15±3. The slightly higher saturated residual stiness of SCS-6/Ti±15±3 than that of SCS-6/Ti±22±23 is due to the higher volume fraction of the SiC ®ber in SCS-6/Ti±15±3. SCS-6/Ti±6±4 had about the same number of matrix cracks as SCS-6/ Ti±22±23, but showed a lower average matrix crack growth rate than SCS-6/Ti±22±23, resulting in the lowest normalized matrix crack density and the highest residual stiness. From the experimental results above, the eects of matrix materials and interfacial properties of TMCs on fatigue crack initiation, multiplication, growth, and damage evolution have been quanti®ed. The fatigue crack initiation and multiplication are believed to be controlled by the thickness of the interfacial reaction layer. The average matrix crack growth rate is aected by the applied stress level, but appears to be independent of the matrix material. The combined eects determine the normalized matrix crack density evolution and stiness reduction of the composites. Therefore, careful control of the reaction layer thickness during processing, and appropriate selection of the matrix material are required to design a composite with improved fatigue resistance.
MODELING FATIGUE DAMAGE EVOLUTION OF SCS-6/Ti-ALLOY COMPOSITES
In this section, analytical models will be developed to predict the fatigue damage evolution, and to correlate with experimental results. From the above experimental observations, it is evident that the thickness of the interfacial reaction layer plays a key role in the fatigue damage evolution of the composites. The microcracks in the interfacial reaction layer serve as the primary matrix crack initiation sites. Therefore, in the current model, all the matrix cracks are assumed to initiate from the ruptured interfacial reaction layer. Once the DK tip of the microcrack in the interfacial reaction layer is determined, a matrix crack is assumed to develop from this crack if DK tip is larger than DK th of the matrix material. The development of the matrix crack leads to the redistribution of stress ®elds in the matrix. A second matrix crack can develop at a distance away from the ®rst one, where the matrix stress has built up to an extent that DK tip overcomes DK th again. As the matrix stress increases from zero at the matrix crack to the maximum value at the midpoint between these two cracks along the ®ber direction, the third crack would be expected to develop at the midpoint in between the cracks. Therefore, the matrix cracks will keep on developing and, ®nally, reach a saturated matrix crack number when DK tip at the midpoint between these two cracks is no longer able to reach the value of DK th . The schematic illustration of the evolution of matrix cracks is shown in Fig. 6. 
Calculation of DK tip by using the partial shearlag model
A modi®ed shear-lag model developed by Kuo and Chou [31] for predicting the degradation of the longitudinal Young's modulus of ceramic matrix composites was adopted for determining the DK tip at the tip of the microcrack in the interfacial reaction layer of TMCs under fatigue loading. In the modi®ed shearlag model, the ®ber and the matrix are modeled as concentric cylinders with radii of r and R, respectively, and matrix cracks are assumed to be equally spaced. The unit cell for the cracked composite is shown in Fig. 7 . The crack spacing and debonding length are denoted by S and S d , respectively.
The matrix stress ®elds in the bonded and debonded regions can be calculated as follows [31] :
(1) Bonded region:
where V f and V m are the ®ber and matrix volume fractions, respectively; t i is the internal frictional stress in the debonded region; s mo are the far-®eld stresses, which can be obtained as follows [31] :
where E m and E c are the Young's moduli of the matrix and composite, respectively; s c is the external applied stress; a is the thermal expansion coecient; DT is de®ned as the ambient temperature minus the thermal stress-free temperature. The shear-lag constant b is de®ned as [31] b
where n m is the Poisson's ratio of the matrix and (1) and (2), the average stress in the matrix can be expressed as
Assuming that the length of the microcrack is equal to a, the stress intensity factor at the crack tip of the microcrack can be described as
The monotonic result can be converted into the cyclic result through the following transformation [32] :
where K tip Dsa2 is the crack-tip stress intensity factor under monotonic loading evaluated at a stress equal to one-half of the stress amplitude under cyclic loading.
Relationship between fatigue crack initiation life and DK tip
As the microcracks in the interfacial reaction layer serve as matrix crack initiation sites, fatigue matrix crack initiation life can be de®ned as the number of fatigue cycles required to initiate a matrix crack in the order of 0.2±0.4 mm in length at the microcrack [27] . So far, only a few works have been done on predicting the fatigue crack initiation life of metallic and composite materials [27, 33±35] . Among these works, the strain-life fatigue analysis method has been successfully used to predict the crack initiation life at notches in conventional metallic components. Typically, the number of fatigue cycles required to initiate a matrix crack in the order of 0.2±0.4 mm in length at the notch corresponds to the fatigue life of small unnotched specimens tested to failure [36] . Owing to the fact that the calculated local matrix stress at the tip of the microcrack is lower than the yield strengths of the matrix alloys (690±989 MPa), the matrix is essentially exposed to a strain-controlled load condition in which the strain is proportional to the applied stress. Therefore, the fatigue crack initiation life can be determined by reformulating Basquin's equation [18] to give
where Ds is the alternating stress amplitude, 2N i the reversal to failure by crack initiation, s H f the fatigue strength coecient, b the fatigue strength exponent, DK tip the stress intensity factor range at the tip of the microcrack in the interfacial reaction layer, and Yaaw the calibration factor. Equation (8) can be rewritten as
For TMCs under fatigue loading, the fatigue crack initiation life of each matrix crack can be measured and the corresponding DK tip along the ®ber direction can be calculated as well. By plotting the log(N i ) vs log(DK tip ) curve, as shown in Fig. 8 , the fatigue strength exponent, b, and constant C of TMCs can be determined. It is interesting that the relationship between N i and DK tip for all TMCs roughly follows the same power law. The fatigue strength exponent, b, and constant C for these three TMCs are found to be 0.16 and 4.8 Â 10 6 , respectively. The above semi-empirical relation will be used to predict the evolution of matrix crack number as a function of fatigue cycles.
Prediction of the evolution of matrix crack multiplication
As mentioned earlier, a new matrix crack is assumed to be initiated at the midpoint in between two cracks, and the matrix cracks will keep developing until a saturated number is reached. By substituting DK tip at the tip of the microcrack at the midpoint in between two cracks, the initiation life of the next new matrix crack can be determined through the semi-empirical equation (9) . Therefore, the evolution of matrix crack population as a function of fatigue cycles can be predicted. Figure 9 shows the experimental and predicted results of the matrix crack population evolution for TMCs under fatigue loading. The predicted results agree well with experimental results for all the composites.
Prediction of matrix crack growth rate and normalized matrix crack density evolution
The evolution of normalized matrix crack density, which takes the number of matrix cracks as well as the lengths of matrix cracks into account, will be predicted in this section. The evolution of the number of matrix cracks has been predicted in Section 4.3. To estimate the lengths of matrix cracks, the matrix crack growth rate needs to be determined. Several analytical models have been proposed to predict the eect of ®ber bridging on matrix crack growth rates in both metal and cer-amic matrix composites. A simple analytical solution derived by Cox [37] based on the MCE model proposed by Marshall et al. [19] is adopted to predict the steady-state matrix crack growth rate. The steady-state crack tip stress intensity factor range is expressed as follows [37] : where
where a is the exponent of the ®ber traction law (a = 0.5 is usually used in the case of a ®ber sliding with respect to its surrounding matrix), and b MCE represents the bridging stiness. Then, the steadystate crack growth rate is estimated by Paris' law
where C and n are material constants. It should be noted that the interfacial frictional stress, t i , plays an important role in the ®ber bridging model. Several studies have revealed that the interfacial frictional stress is a function of crack length, distance from the ®rst ®ber, distance along the debonded region, and the number of fatigue cycles [38±41]. However, how these parameters aect the interfacial frictional stress is not yet well understood. For the sake of simplicity, the interfacial frictional stress is assumed to be a constant and a range of values of t i obtained from experiments will be used to assess whether the consistency is achieved between the experimental data and model prediction. Among those measurements of the interfacial frictional stress of SCS-6/Ti composites, Kantzos et al.'s measurement which took the eect of fatigue loading into account is used in this model. The interfacial frictional stress of the postfatigued TMCs was measured in the range of 22± 49 MPa by Kantzos et al. [38] . By substituting all required parameters into equations (10)±(13), the matrix crack growth rates of various TMCs can be predicted, as listed in Table 2 . The range of predicted crack growth rates is due to a range of t i used in the model calculation. It is found that the predicted results agree fairly well with the experimental results. Combining the average crack growth rate predicted by equation (13) with the predicted result of the evolution of matrix crack num- ber, the evolution of the normalized matrix crack density of the composites as a function of fatigue cycles is predicted. The predicted results of the evolution of normalized matrix crack densities as a function of fatigue cycles for TMCs under fatigue loading at 40% of UTS are shown in Fig. 10 . Again, the predicted results agree quite well with experimental results.
Prediction of residual stiness
To predict the residual stiness, the matrix crack pattern was decomposed into several segments with dierent lengths l, and crack spacings S, as shown in Fig. 11 . The residual stiness of the composite, (E c ) R , is predicted by the rule of mixture given by
where C i is the cross area fraction of each segment and E i the corresponding residual stiness. C i can be expressed as
where w is the width of the specimen and t the thickness of the specimen. E i which has been derived by Karandikar and Chou by using the shearlag model can be obtained by [42] 
where
where s c is the applied stress; r is the ®ber radius; E m is the Young's modulus of the matrix; V m is the volume fraction of the matrix; t i is the interfacial frictional stress; E f is the Young's modulus of the ®ber; V f is the volume fraction of the ®ber; n m is the Poisson's ratio of the matrix. Figure 12 (a)±(c) show the experimental and predicted residual stiness of various TMCs under fatigue loading at 40% of UTS. Generally, the predictions agree quite well with experimental data.
CONCLUSIONS
1. Fatigue matrix crack initiation and multiplication in TMCs are controlled by the thickness of the interfacial reaction layer. Under fatigue loading at the same applied stress, composites with a thicker interfacial reaction layer, such as SCS-6/Ti±15±3, exhibited a shorter matrix crack initiation life and a higher number of matrix cracks than those with a thinner interfacial reaction layer, such as SCS-6/ Ti±6±4 and SCS-6/Ti±22±23. 2. The crack growth rate of each individual matrix crack varied, and a distribution of matrix crack growth rates was found in unnotched TMCs. However, the average matrix crack growth rates for SCS-6/Ti±15±3, SCS-6/Ti±6±4, and SCS-6/ Ti±22±23 are comparable under fatigue loading at the same applied stress level. 3. A higher normalized matrix crack density leads to a lower residual stiness of the composite. The normalized matrix crack density is determined by the number of matrix cracks and matrix crack growth rate. Under the same applied stress level, SCS-6/ Ti±15±3 showed the highest matrix crack density and the lowest residual stiness, while SCS-6/Ti± 22±23 exhibited the lowest matrix crack density and the highest residual stiness. 4. A comprehensive analytical model was established to predict fatigue crack initiation life, matrix crack growth rate, and the evolution of normalized matrix crack density and residual stiness of TMCs. The predicted results were quite consistent with experimental results. 
